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I. INTRODUCTION 
1.1. A Result of Delange 
For every natural number n, o(n) denotes the sum of q-adic digits of n, 
where q > 2 is an integer. Generalizing a previous result of Trollope [3], 
Delange [ 11 proved: 
THEOREM 1. There exists a function F: Iw -+ W, continuous, nowhere dif- 
ferentiable, of period 1, such that for any positive integer N, 
.FN o(n)=& N Log N+NF (53. 
Moreover, he gave the Fourier expansion of F. Our purpose here is to 
prove, in a different way, a similar formula concerning the sum of 
Fibonacci digits. 
1.2. Fibonacci Expansion 
The Fibonacci numbers are defined by F, = F, = 1 and 
Fk+z=Fk,l+r;, for every natural k. 
Every natural number n can be written 
n= f ok(n) Fk 
k=l 
* Professor Jean Coquet passed away on July 23, 1984. 
139 
~22-314X/86 $3.00 
fAl,~??,Z-2 Copyright (, 1986 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
140 COQUETANDVAN DENBOSCH 
with +(n)E (0, l} and uk(n) ak+, (n) = 0 for all X- > 1, and the expansion is 
unique. From now on, s(n) denotes the sum of Fibonacci digits of n: 
s(n)= f Q(n). 
k=l 
We set 
S(N)= 1 s(n) 
n<N 
and for the sake of simplicity, 
l+$ a=- and ,-I-& 
2 2 
Our result is: 
THEOREM 2. There exists a function G: R -+ R, continuous, nowhere dif- 
ferentiable of period 1, such that for any positive integer N, 
3-g 
S(N) =- 
5LogcY 
NLogNSNG 
II. EXISTENCE AND CONTINUITY OF G 
11.1. Four Lemmas 
LEMMA 1. (1) For all kEFV(, Fk=((5+$)/10) ak+((5-fi)/lO)ik. 
(2) For all kE N, 
ProojY The first relation is well known. The second one is a con- 
sequence of 
S(F, ) = 0, S(Fz) = 1, 
and 
s(Fk+d=s(F,+,)+ c s(n+Fk+,) 
n < Fk 
=s(F,+,)+s(F/c;,)+F;, for all k E N. 1 
FIBONACCI DIGITS 141 
LEMMA 2. I” N= C; =, E,,F~ with E, = 1, then 
S(N)- i E/,tlh 
h fi 5+$ 
T-T+T = O(Log N) 
h=l 
Proof. 
Lemma 2 is thus a consequence of Lemma 1 and of 
Now, we set x= c;; =, &,uh and 
s*(x)= i Ehuh 
h $ 51-G 
~-z+F 1 Ek). (1) 
h=l h<k<v 
The following relations hold: 
(2) 
and 
S(N) = S*(X) + O(Log N) from Lemma 2. (3) 
LEMMA 3. There exists a function H: R --) R, of period 1, such that 
s*(x)= l -XLogX+XH 
5Logcr 
Proof: Let b(X) = S*(X) - ((X Log X)/(5 Log 01)) from (l), we derive 
$b(uX) - u&X) = s*(ux) - us*(x) - ux/s = 0. 
Therefore, X + X- ‘4(X) is a function of Log X/Log CI with period 1. 1 
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LEMMA 4. An-v real number y such that I < y < ct can be brriften 
,*, 
y= C e,aC’ with e,= 1, e,E {O, 1 ), e,e,+, =O. (4) 
,=o 
Moreover, this expansion is unique if we require that there is an infinity of 
indices j such that ei = e, + , = 0. 
Proof. This result is proved in the book of Galambos [2]. 1 
If we put y = a--‘X, it is plain that 1 < y <a. Thus, relation (4) holds. 
Moreover, 
ei= 0 if j> V, 
(5) 
=E,-j if j < I’. 
LEMMA 5. The function H is defined on the interval [0, 1[ b> 
H LWY 
( > 
J- 5 1 Logy = _--- 
Log a 25 5 Loga 
( 
5+$ 
+Afej 10 
j 
c --) e, 
? i-0 5 . ,“</ 
Proof: 
H(%&o)= -z+y 
Log 4’ \’ = --_- 
5Loga 5 
Log J =-- 
5Loga 
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11.2. Continuity OfH 
We only prove the continuity of H on 10, 1 [ and leave to the reader the 
(similar) proof of 
Thus, we only have to show the continuity of 
Let K denote a positive integer and let .V and z satisfying 
l<y<z<cr and r-y<a-“. (6) 
With the expansion defined in (4), for I’, we also expand 2 and write 
2 = c d,a ‘. 
j=O 
Let us put 
p=inf{ j; dj#e,;- and w= i djaPi. 
,=o 
Clearly, d,= 1, eP=O, and JJ<W<Z. From (6) Cj>p djaPi=z-w<C”, 
thus we have 
pbK 
or (7) 
p<Kandd,=O for p<j<K. 
The inequality w  - y < a ~ ’ implies 
hence 
C ep+ra -‘> 1 -aP-K 
r>o 
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where [u] = Maxim E Z; m < ~1.. From (7), we deduce that 
< 1 ja ‘=O(KC”). 
/z-K 
Since d, = ej for j < p, 
5+> 
Il/(w)-IClb)=amP 10 
( c --) r</J 
e, : 
c .-( e,cx ’ 
5+fi j - ___ 
i’p 10 rr 5 . 
c --) 
r<l 
A straightforward calculation gives 
up 5+,/J c! ~ 
( 
P 
10 c --) e, 
r<P 
5 
(8), (lo), and (11) imply 
I+(w) - t,b(y)I < 2 1 ja -~I= O(Kc”). 
i>K-1 
(8) 
(9) 
(10) 
(11) 
(12) 
(9) and (12) give the continuity of $. Moreover, with a good choice of K, 
we get 
1$(z) - $(??,I = O(lz - yl Loglz - VI 1. 
From Lemma 5, H verifies 
lH(t +h) - H(r)/ = O(h LoglhJ), 
where the constant in 0 is independent of t and h. 1 
(13) 
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II.3. The function G 
From (2) and (13) 
~N+O(l))H(&Log(~N+O(l))) 
3-CY 3-ff 
=-NLogN+O(LogN)+- 
5Loga 5Loga 
Log(3-a).N+O(l) 
3-a 
=-NLogN+N 
(3 -a) Log(3 - CI) 
5Loga 5LogcY 
+ O(Log N). 
Thus G is the continuous function of period 1 defined by 
G(r)=(3-cc)Log(3-a)+(3_GI) H 
5 Loga 
, 
III. G Is NOWHERE DIFFERENTIABLE 
We have to show that II/ is nowhere differentiable. Let y E [ 1, cl[ . We put 
y=E,Zo e,a --J and for all m E N *, 
ym= C e,Cj, z,= ym+um’-m, zL= ym+C(p2pm. 
I<m 
It is clear that 
(14) 
ly- y,l dCrn, /y-z,1 <cm, [y-z;1 <cc--". (15) 
Moreover, 
146 
so that 
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if $ was differentiable in y, with e’(y) = a, (14) and ( 15) would imply 
l~2(~t~~)-~(~~,))-u~ ml =o(ct “‘1, 
la($(,-,I - l,b(.v,)) - aa -1 = o(ci ,‘I, 
a contradiction to (16). G is nowhere differentiable. 
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